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Abstract—This study proposes a model of adding edges of
forming a simple cycle to a level of depth N in a complete
binary tree of height H under giving priority to edges
between two nodes of which the deepest common ancestor is
deeper. An optimal depth N* is obtained by maximizing the
total shortening path length which is the sum of shortening
lengths of shortest paths between every pair of all nodes in
the complete binary tree.

Index Terms—complete binary tree, simple cycle, shortest
path, organization structure

|. INTRODUCTION

The pyramid organization structure based on the
principle of unity of command can be expressed as a
rooted tree, if we let nodes and edges in the rooted tree
correspond to members and relations between members
in the organization respectively [1, 2]. Then the path
between each node in the rooted tree is equivalent to the
route of communication of information between each
member in the organization. Moreover, adding edges to
the rooted tree is equivalent to forming additional
relations other than that between each superior and his
subordinates.

The purpose of our study is to obtain an optimal set of
additional relations to the pyramid organization such that
the communication of information between every
member in the organization becomes the most efficient.
This means that we obtain a set of additional edges to the
rooted tree minimizing the sum of lengths of shortest
paths between every pair of all nodes.

We have obtained an optimal depth for each of the
following three models of adding relations in a level to
the organization structure which is a complete K-ary tree
of height H: (i) a model of adding an edge between two
nodes with the same depth, (ii) a model of adding edges
between every pair of nodes with the same depth, and (iii)
a model of adding edges between every pair of siblings
with the same depth [3]. A complete K-ary tree is a
rooted tree in which all leaves have the same depth and
all internal nodes have K (K = 2, 3, ...) children [4]. A
complete K-ary tree of K = 2 is a complete binary tree.
Furthermore, we have proposed a model of adding edges
between one node and every other node with the same
depth in a complete K-ary tree of height H [5]. This

model is equivalent to forming additional relations
between a representative and the other members in the
same level.

This study proposes a model of adding edges of
forming a simple cycle to a level of depthN (N =1, 2, ...,
H) in a complete binary tree of height H (H =1, 2, ..))
under giving priority to edges between two nodes of
which the deepest common ancestor is deeper as follows.

Step 1: Add new edges between each pair of nodes of
which the depth of the deepest common ancestor is N - 1.

Step 2: Add new edges between each one pair of nodes of
which the depth of the deepest common ancestor is N - 2.

Step 3: Add new edges between each one pair of nodes of
which the depth of the deepest common ancestor is N - 3
and on which the only added edge is incident.

Step 4: Repeat Step 3 while the depth of the deepest
common ancestorisN-4,N-5,...,1,0.

Step 5: Add a new edge between two nodes on which the
only added edge is incident.

Fig. 1 shows an example of adding edges of forming a
simple cycle to the level of N = 3 in a complete binary
tree of H = 5 as Step 1-5. In Fig. 1 bold edges between
nodes of depth N = 3 signify the added edges. The above
model corresponds to the formation of a cycle connection
in the same level.

If I;; (= I;;) denotes the path length, which is the
number of edges in the shortest path from a node v; to a
node v; (i, j = 1, 2, ..., 2™ - 1) in the complete binary tree
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Figure 2. An example of adding edges of forming a simple cycle.
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of height H, then X iy I is the total path length.
Furthermore, if I’;; denotes the path length from v; to v;
after adding edges in this model, I;; - I’;; is called the
shortening path length between v; and v;, and 2 i (lij -
I”i;) is called the total shortening path length. Minimizing
the total path length is equivalent to maximizing the total
shortening path length.

In Section 2 the total shortening path length is
formulated when new edges are added to a level of depth
N in a complete binary tree of height H as Step 1-5. In
Section 3 an optimal depth N* which maximizes the total
shortening path length is obtained.

Il. FORMULATION OF TOTAL SHORTENING PATH LENGTH

When we add a new edge between two nodes with
depth N of which the depth of the deepest common
ancestor is N - i (i = 1, 2, ..., N), the sum of shortening
path lengths can be formulated by summing up the
following three equations:

A, () =m(H -N)*(2i-1), 1

By, (i) =2m(H - N)ii{m(H ~N+j-1)+1} 2

i1

x(2i-2j-1),

and

i-2
1

Cun(@=> {m(H-N+j-1)+1}

®)

AN

—J
x Y {m(H =N +k-1)+1}(2i —2j -2k -1),

k=1

where m(h) denotes the number of nodes of a complete
binary tree of height h (h =0, 1, 2, ...), and we define

0 -1
.=pand Y. =0.
- =

i=1

When one edge between two nodes of which the depth
of the deepest common ancestor is N - i in Step 2-4 is
added, the sum of shortening path lengths is obtained by
adding Dy n (1) + En, n (i) to Ay n (i) + B n (1) + Cyy ().
Dy, n (i) and Ey, n (i) which are the sum of additional
shortening path lengths of using former added edges are
given by

D, (i) =2m(H - N)if:m(H ~N+j=1)+P, (i) 4

j=1
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and
0 (i=1)
3m(H - N)? (i=2)
N LLIGE D R A (S IO
i O =0mH - Ny R, () (=45)
7m(H —N)? 4Ry, (i) (i=6)
m(H —N)?+R, () (i27)
where
mN(n={° S
' m(H-N)(i-3) (i>4)
Qu y =4m(H = N)mM(H —N +1), )
and
Ry (i) =M(H — N){4m(H N +i-2) @

+4m(H —=N +i-3)+2m(H — N +i-4)},

and we define ZO: =0 and i = 0. Therefore the sum of
j=1 j=1
shortening path lengths of Step 1-4 is given by
N 1 - - -
Fin ZZZNH{AH,N(I)—FBH,N(I)+CH,N(I) 9)
i=1
+Dy () +Ey (D}
The sum of shortening path lengths of Step 5 is given by
GH,N = AH,N(N)+BH,N(N)+CH,N(N)
+DH,N(N)+EH,N(N)_LH,N |

(10)

where Ly iS the sum of shortening path lengths of
subtracting repeated adding shortening path lengths and is
shown as

m(H-N)2 (N =1)
_JBm(H-N)* (N=2), (11)

PN 114m(H - N)? (N =3)

2m(H-N)> (N >4)

From the above equations, the total shortening path
length of this model Sy is formulated by

St = Fun +Gpy - (12)

11l. AN OPTIMAL ADDING DEPTH

Since the number of nodes of a complete binary tree of
height h is

m(h) =2"* -1, (13)

Sun becomes

<<ACEEE



LETTERS

International Journal of Recent Trends in Engineering, Vol 2, No. 2, November 2009

Sun=0un+tBun T un TN (14

where

Oy n = ZN:ZN_i{AH,N i)+ BH,N (i)+CH,N 0)3

+A, (N)+B,,  (N)+C,, \(N) (15)
= (3N2 +7N —2)22H’N’1_(3N _1)2H+1
+3.2N —4,

0 (N <2)

b 2.2 Dy () + Qw3+ Dy (N)

= —2%M7 2N+ (2N +1)220 N (N=3)
+29 N (N +4)2" +7.2"7 -6
(16)
0 (N<3)
N i -
ZZN?IRH,N(I)*—RH,N(N) )
Yun =)=
= (13N —26)2%" N+ (N>4)
— (13N -16)2" 2 +5.2""?
and
—2%M 2t 1 (N=2
0 (N=2)
7.273-3.2"" 110 (N=3)
0. - 21.2%7° —21.2" + 42 (N =4)
TN 1432217 _43.212 4 86 (N=5)
85.22"° _85.2"° 1170 (N =6)
_22H—2N+3+171.22H—N—4+2H—N+3
(N2>7)
—171.2"* 4171.2M° -2
(18)
Let
ASy n =Shna S (19)

for N =1, 2, ..., H -1, so that we heve the following
results of (I)-(VI1).

(I) When N =1, then we have
ASy =ay,—ay, =0,
—Q2HH _oH+3 5 (20)
>0.

(I1) When N = 2, then we have the following. If H = 3,
then
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ASy =0y 3=yt PustOhs
=3.22"1_17.2" +30 (21)
<0,

and if H >4, then
AS,,>0. (22)

(1) When N = 3, then we have

ASy 3=y =yt PBus—PustVuwatOus—6s
= -3.22H°4 _43.2"1 490 (23)
<0.

(IV) When N = 4, then we have

ASy ,=Cus =yt Pus—BuatVus—Vuatbus
_‘9H,4 (24)
=-43.22"° _11.2" +140
<0.

(V) When N =5, then we have

ASys=ys—Oys+Pus—Pust Vs~ Vustbue
—Oys (25)
=-133.2%""7-83.2"° 1+ 276
<0.

(VI) When N = 6, then we have

ASH,G =0y 70y +ﬂH,7 _ﬂH,G tVu7"Vhs
+0H,7 _HH,G (26)
=-1471-2°""* _83.2"° 1554
<0.

(VII) When N > 7, then we have

ASy N =y s = A+ Banas = Bun  Vuna
=7 T Oanis = Oan
=3.2°M72N42 _(24N? + 144N —253)22H N5 @7)
—3.2H"N*2 _41.2M2 4 555.2N°°
<0.
From the above results, the optimal adding depth N*

which maximizes Syy can be obtained and is given in
Theorem 1.

Theorem 1

(i) If H =1, then the optimal adding depth is N* = 1.
@i)If 2 < H<L 3, thenN*=2.

(iii) If H = 4, then N* = 3.

Proof :

(i) If H =1, then N* = 1 trivially.
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TABLE I.
OPTIMAL ADDING DEPTH N*

H N* SH,N*

1 1 1
2 2 16
3 2 120
4 3 758
5 3 3782
6 3 16742
7 3 70310
8 3 288038
9 3 1165862
10 3 4690982
11 3 18819110
12 3 75386918
13 3 301768742
14 3 1207517222
15 3 4830953510
16 3 19325583398
17 3 77305872422
18 3 309230567462
19 3 1236936425510
20 3 4947774013478

(i) If H = 2, then N* = 2 since AS,; > 0. If H = 3, then
N* =2 since AS3; >0and AS3,<0.

(iii) If H = 4, then N* =3 since ASyn>0for N < 2 and
ASH,N<0f0rN > 3.
Q.E.D.

Table 1 shows the optimal adding depth N* and the
total shortening path lengths Sy« in the case of H=1,
2,...,20.

IV. CONCLUSIONS

This study considered the addition of relations to a
pyramid  organization structure such that the
communication of information between every member in
the organization becomes the most efficient. For a model
of adding edges of forming a simple cycle to a level of
depth N in a complete binary tree of height H under
giving priority to edges between two nodes of which the
deepest common ancestor is deeper, we obtained an
optimal depth N* which maximizes the total shortening
path length in Theorem 1. This result indicates the most
efficient way of adding relations of forming a simple
cycle in a level is to use the first level, the second level,
or the third level depending on the number of levels in the
organization structure.

© 2009 ACADEMY PUBLISHER

269

(1]
(2]

(3]

(4]

(5]

(6]

REFERENCES

S. P. Robbins, Essentials of Organizational Behavior, 71"
ed., Upper Saddle River, N.J.: Prentice Hall, 2003.

Y. Takahara and M. Mesarovic, Organization Structure:
Cybernetic Systems Foundation, New York: Kluwer
Academic / Plenum Publishers, 2003.

K. Sawada and R. Wilson, “Models of adding relations to
an organization structure of a complete K-ary tree,”
European Journal of Operational Research, vol.174, pp.
1491-1500, November 2006.

T. H. Cormen, C. E. Leiserson, R. L. Rivest, and C. Stein,
Introduction to Algorithms, 2" ed., Cambridge Mass.: MIT
Press, 2001.

K. Sawada and T. Mitsuishi, “Adding edges between one
node and every other node with the same depth in a
complete K-ary tree,” Proc. of World Academy of Science,
Engineering and Technology, vol.38, pp.702-704, February
2009.

K. Sawada, “Adding relations in the same level of a linking
pin type organization structure,” IAENG International
Journal of Applied Mathematics, vol.38, pp.20-25, March
2008.

<<ACEEE



